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ABSTRACT: We study the elastic behavior of a helical semiflexible polymer under extension. The polymer
is described with a coarse-grained model recently developed by us (V. Varshney, et al. Macromolecules
2004, 37, 8794) where the chain is modeled using the freely rotating chain model and each bead can be
in one of two possible conformations, helix or coil, depending on the value of its torsion. In this study, we
extend the original model to include the effect of external mechanical forces and solve it using a Monte
Carlo simulation approach based on the Wang-Landau sampling scheme. We found that the application
of a mechanical force first increases the helix-to-coil transition temperature and then decreases it. This
nonmonotonic behavior is a consequence of a change in the nature of the helix-coil transition which
becomes a helix-extended coil transition for strong forces. We also found that the force-elongation curve
at constant temperature displays three different behaviors depending on the temperature of the system.
At temperatures below or slightly above the helix-coil transition temperature the force-elongation curve
shows one or two coexistence regions, respectively. In these regions, helical sequences and random coil
domains coexist while the strength of the force and temperature determine the fraction of the polymer
adopting each conformation. At high temperatures, our model recovers the elastic behavior of a random
coil. We also present a quantitative comparison of our simulation results with the theoretical ones obtained
by Buhot and Halperin, and very good agreement is found. A qualitative comparison with experimental
data for Xanthan is also presented.

Introduction

It is a well-established fact that novel conformations
in biological, as well as synthetic, macromolecules can
be induced by the application of a mechanical force.1
These conformations are different from the ones gener-
ated by more traditional methods such as chemical or
thermal denaturation and are inaccessible to conven-
tional methods of measurement like X-ray crystal-
lography and NMR.2 Thus, the application of a mechan-
ical force and the measurement of the resulting strain,
generally referred to as single molecule force spectros-
copy (SMFS), provide a novel perspective on the struc-
ture of macromolecules and the determinants of their
mechanical stability. Some of the macromolecules stud-
ied using SMFS include biological molecules such as
RNA3 and DNA,4 polysaccharides such as dextran5 and
xanthan,6 the muscle protein Titin,7 the extracellular
matrix protein Tenascin,8 and others, as well as syn-
thetic polymers such as poly(ethylene glycol),9 poly(vinyl
alcohol),10 and poly(L-gultamic acid).11

The abundant experimental results obtained for
biomacromolecules using SMFS pose an enormous chal-
lenge for the theoretical community, which has to
develop analytical models to capture the observed
experimental behaviors. Developing such models has
proven to be a formidable task due to the high complex-
ity of the aforementioned biological macromolecules.
However, theoretical investigations in some very specific
cases have been done.12 Indeed, these systems are highly
complex due to many reasons such as molecular-level
structural properties, which include chemical structure
and tacticity, and energetic considerations such as
electrostatic interactions, hydrogen bonding capabilities,
preferred dihedral angles, van der Waals interactions,
etc. The complexity of these systems at the molecular

level results in a hierarchy of structures, proteins (with
their primary, secondary, and tertiary structures) being
one of the most common examples. However, there are
biopolymers, called homopolypeptides, which are prob-
ably the simplest systems to study and have been
modeled theoretically by various research groups. These
macromolecules are capable of forming R-helices and
undergo the helix-coil transition as a function of
temperature in the absence of external forces. This
behavior is commonly described using traditional theo-
ries of helix-coil transition.13 The force-elongation
behavior of polypeptides has also been the subject of
intense research in recent years. For example, Pincus
and collaborators14 have studied the elastic behavior of
homopolypeptides under stretching and Halperin and
co-workers15 have addressed the extension of helicogenic
polypeptides and rod-coil block copolymers. It has been
found that the application of a mechanical force on these
polypeptides at temperatures just above their melting
temperatures, T*, results in a force-elongation behavior
that displays two plateaus associated with the coexist-
ence of helical and coil domains. For low to moderate
values of the applied force, the first plateau corresponds
to the helix-formation induced by chain extension, which
is accompanied by the corresponding loss in configura-
tional entropy. On the other hand, for large forces, the
plateau corresponds to the extension-induced melting
of the helical structure which occurs when the end-to-
end distance exceeds the length of the helix. Kessler and
Rabin16 have also studied the force-elongation behavior
of a helical spring and found that, under some condi-
tions, when the force is increased, the end-to-end
distance displays upward jumps (stretching instabili-
ties). They showed that each jump was associated with
the disappearance of helical turns and that the number
of jumps depends on the length of the spring.

The subject of stretching biomacromolecules has also
been investigated through various complementary com-
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putational approaches such as molecular dynamics and
Monte Carlo simulations. The advantages of these
methods are clear: they provide a molecular-level un-
derstanding of the conformations, configurations, and
interactions of the macromolecule. For example, molec-
ular dynamics simulations have been used to study the
deformation of DNA17 and the mechanical extension of
polypeptides such as polyalanine.18 In addition, Monte
Carlo simulations have also been performed to study
the force-elongation behavior of macromolecules using
both coarse-grained and all-atom descriptions of the
chain. Specifically, de Pablo and collaborators have
studied reversible mechanical unfolding of protein oli-
gomers through the Wang-Landau algorithm by con-
structing the potential of mean force associated with the
unfolding behavior.19 Afterward, they calculated the
density of states in the framework of an expanded
ensemble, which they refer as the EXEDOS method, to
analyze the force-elongation behavior. The Wang-
Landau scheme mentioned above permits fast and self-
consistent calculation of the density of states associated
with arbitrary processes. Finally, the equilibrium con-
formations of synthetic oligomers as a function of
extension have also been investigated using first-
principle ab initio methods.20

In a recent article, we have successfully implemented
the Wang-Landau sampling scheme to study the helix-
coil transition of a semiflexible polymer described by a
coarse-grained minimal model.21 In this article, we
explore how a helical semiflexible polymer described by
our model responds when a mechanical force is applied
to it. We restrict the discussion to the “quasi-static force”
(in Buhot and Halperin’s terminology),15 where the rate
of equilibration of the configurations of the chain is
much faster than the rate of change of the force.
Following the above line of thought, we compute the
force-elongation behavior of helical semiflexible poly-
mers using Monte Carlo simulations and rationalize the
equilibrium properties of the chain in the different
regimes in terms of its configurational, conformational,
and thermodynamic properties.

This article is organized as follows. In the next
section, we describe our simulation protocol. First, we
provide a brief description of our model. Afterward, we
describe the simulation methodology. In the next sec-
tion, we present our results and rationalize the depend-
ences of various equilibrium properties on temperature
and applied force. Moreover, we compare our simulation
results with the results obtained in ref 15 for the
extension of polypeptides. Finally, we conclude the pres-
ent article by summarizing the most important findings
of our work and with the appropriate acknowledgments.

Model And Simulation Protocol
A. The Model. The details of our model for helical semi-

flexible polymers have been published elsewhere.21 In this
section, we present a brief description of the model and extend
it to study the effect of mechanical forces on the equilibrium
properties of the chain. In our minimal model, a polypeptide
molecule is mapped onto the freely rotating chain model where
each amino acid residue is represented by a bead. The bond
length, equal to 1.53 in arbitrary units, and bond angle, equal
to 109.3°, between consecutive beads are kept constant through-
out the course of the simulation study.

Considering the fact that polypeptides undergo the helix-
coil transition upon changes of temperature, all the models
that describe this transition should capture its most important
characteristic: the cooperativity of the transition. This coop-
erativity emerges from the formation of a hydrogen bond

between the pair of residues i and i + 4 which, in turn,
constrain the spatial positions and orientations of residues i
+ 1, i + 2, and i + 3. We capture this cooperative nature of
the helix-coil transition using a criterion based on the concept
of “torsion” of a curve, which is a well-defined mathematical
quantity. Explicitly, this concept is employed as a criterion to
determine the conformational state (helix or coil) of each bead.
The torsion of a curve parametrized by the vectorial field r(x),
which could be visualized as a continuous representation of
the polymer chain, is defined as follows

where x is the arc of length parameter that can take any value
in the interval [0,L], L being the total contour length of the
chain, r′(x), r′′(x), and r′′′(x) are the first-, second-, and third-
order derivatives of r(x), respectively. The square brackets
and parenthesis indicate vectorial and scalar triple product
(i.e., (A,B,C) ) A‚(B × C)), respectively. This definition of
torsion is also valid for the discrete representation of the
polymer chain; the only difference is that the derivatives of
the field must be approximated using finite differences. For
example, the first-order derivative of the field on the ith
bead is

where lK is the bond (Kuhn) length and r(i) is the position of
the ith bead. Similar expressions are also available for the
second- and third-order derivatives.22

It is well known that a perfect helical curve has a fixed
torsion.23 If we try to superimpose the beads that represent
the polymer chain onto this imaginary helical curve, these
beads should also have a constant value of torsion. We call
this value the torsion of the perfect helix, øHelix. The value øHelix

was chosen to be 0.87 and corresponds to two consecutive
dihedral angles of +90°. Consequently, we defined the follow-
ing criterion: “a bead has a helical conformation if the value
of its torsion differs from the torsion of the perfect helix, øHelix,
by less than a certain cutoff value, øCutoff”. The cutoff, øCutoff, is
set to 0.001. This value ensures that there is only one
configuration of the chain that corresponds to the “perfect
helix”. If this criterion is satisfied, then this helical bead carries
a negative enthalpy, called C, which stabilizes the helical
conformation; otherwise, the bead is in the random-coil state,
which is the reference state of the system. The enthalpic
parameter C is related to the standard parameter s of helix-
coil transition theory13 as follows

It provides the enthalpic contribution that arises from the
formation of a hydrogen bond and is assumed to be constant
in our model. Furthermore, ∆S is the decrease in the entropy
of the residue incorporated into a helical sequence due to the
formation of a new hydrogen bond. The origin of ∆S in our
model arises from the freely rotating chain (FRC) model and
the constraints in the dihedral angles. Both parameters C and
∆S are negative in eq 3.

B. Modelling Force. The application of force on the
polymer chain is shown in Figure 1. In the model, one end of
the polymer chain is fixed at the origin while the polymer chain
is stretched by applying force at its other end. We set the force
to point in the positive x direction and investigate the equi-
librium conformations of the polymer by plotting the average
end-to-end distance and other properties for various temper-
atures and forces.

C. Simulation Methodology. In this article, the Wang-
Landau sampling algorithm has been implemented to estimate
the density of states (DOS) of the system.24 Due to its fast and
self-consistent nature, this algorithm has been successfully
employed to study various phenomena in many fields. The

ø(x) )
(r′(x),r′′(x),r′′′(x))

|[r′(x),r′′(x)]|2
(1)

r′(i) ≈ r(i + 1) - r(i - 1)
2lK

(2)

s ) exp(-∆A/kBT) where ∆A ) C - T∆S (3)
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algorithm generates a random walk in energy space with a
probability proportional to the reciprocal of the DOS, g(E), and
leads to a flat energy histogram. Analogous to the multica-
nonical algorithm,25 this algorithm has the advantage of
escaping local energy minima and exploring the free energy
landscape efficiently which, in turn, leads to an accurate
estimate of the DOS. Another striking feature of this algorithm
is the fact that it is independent of temperature, which makes
it very useful to study a broad variety of systems.

Let us consider an arbitrary configuration of the polymer
chain which is generated through the course of the simulation.
This configuration has two relevant parameters necessary for
the implementation of the Wang-Landau sampling algorithm;
they are the number of beads in the helical state, Ns, and the
projection of the end-to-end vector onto the direction of the
applied mechanical force, Rx. If we imagine that this config-
uration of the chain is somehow generated by applying some
force, F, acting along the positive x direction, then we can write
the energy for this configuration as follows

which implies that, first, the contribution of the force term is
zero when F ) 0 or Rx ) 0 and the energy depends on Ns only;
second, if Ns ) 0 for any configuration, then the energy
depends only on Rx. Observe that the units of force are degrees
Kelvin times reciprocal length.

It is clear from eq 4 that, at constant force, the energy, E,
of a configuration depends on Ns and Rx and can be written as
E ) E(Ns,Rx). Hence, the density of states (DOS) for this
energy, g(E), is also a function of Ns and Rx and can be denoted
as g(Ns,Rx). Furthermore, provided that the force acts along
positive x direction, we can safely assume that g(Ns,Rx) ) g(Ns,
- Rx) due to the symmetric nature of the system with respect
to the y-z plane. For this reason, we only consider the modulus
of Rx when estimating the DOS. However, we use both, g(Ns,Rx)
and g(Ns, - Rx) separately when calculating various equilib-
rium properties, as we explain below.

The dependence of the DOS on Ns and Rx is illustrated more
clearly in Figure 2. In this schematic, the vertical axis
corresponds to number of beads in the helical state, Ns, which
increases in steps, while the horizontal axis is continuous
because Rx is a real variable. So, we discretize this horizontal
axis by binning it in intervals of width equal to 0.5 in the same
arbitrary units of the bond length. Therefore, any configuration
generated by the simulation is allocated in one of the squares

shown in Figure 2. For example, if the configuration of the
chain has four helical beads and Rx ) 3.57, then this config-
uration would be assigned to the shaded bin in Figure 2.

Let us review the Wang-Landau algorithm briefly. At the
beginning of the simulation, the density of states, g(Ns,Rx),
which is unknown a priori, is initialized to 1 for all possible
values of Ns and Rx. Furthermore, the corresponding histogram
is set to 0. The random walk is then started by changing the
configuration of the polymer using pivot moves. The transition
probability for switching the polymer configuration from
{Nsi,Rxi} to {Nsf,Rxf} is given by

Each time a move is accepted, the DOS of the new config-
uration is updated by multiplying the existing value of the
DOS by a modification factor, f, i.e., g(Ns,Rx) f g(Ns,Rx)
× f. However, if the move is rejected, then the DOS of the
old configuration is updated. This modification allows the
random walk to explore the energy space corresponding to
various values of Ns and Rx quickly and efficiently. The starting
value of f is taken to be e1()2.71828), as recommended by
Wang and Landau. After a move is completed, the corre-
sponding histogram, H(Ns,Rx), is updated along with the
modification of the DOS. Once the histogram is “flat” within
some tolerance, the value of f is modified using Wang and
Landau’s recommendation as follows fnew ) xfold. At this
point, the histogram is reset to 0 and the above procedure
is started again with the updated modification factor. This
procedure is repeated until the value of f is very close to
1. We stopped our simulations when f -1 became smaller
than 10-7.

Once the DOS is known, various ensemble averages of
interest can be calculated using standard formulas of statisti-
cal mechanics. For example, the mathematical expressions for
the canonical partition function, Helmholtz free energy, in-
ternal energy, entropy, and heat capacity are

Figure 1. Graphical representation of the application of force
on a helical semiflexible polymer chain at one of its ends fixing
the other end at the origin.

E ) CNs - |F|Rx (4)

Figure 2. Schematic graph of the bin distribution with
respect to the number of beads in the helical state, Ns, and
the absolute value of the projection of the end-to-end vector
along the x axis, Rx.

Prob(Nsi, Rxi f Nsf, Rxf) ) min(1,
g(Nsi,Rxi)

g(Nsf,Rxf)) (5)

Z(T,C,F) ) ∑
Ns,Rx

g(Ns,Rx)(e
-â(CNs-FRx)+ e-â(CNs+FRx)) (6)

A(T,C,F) ) -T ln( ∑
Ns,Rx

g(Ns,Rx)(e
-â(CNs-FRx) + e-â(CNs+FRx)))

(7)
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where A(T,C,F), U(T,C,F), S(T,C,F), and Cv(T,C,F) are in units
of Boltzmann constant, kB. Apart from these thermodynamic
quantities, the ensemble average of any other quantity of
interest, 〈AA〉, can also be calculated as follows

Results and Discussion
A. Constant Force Scenario. Let us start by

presenting our results for the case of a thirty-bead chain
under a constant mechanical force. Figure 3 shows the
mean square end-to-end distance, 〈R2〉, as a function of
temperature for forces with increasing strengths. At F
) 0, the polymer chain undergoes the traditional helix-
coil transition discussed in our previous article in
detail.21 In this case, the equilibrium conformation at
low temperature corresponds to an all-helix conforma-
tion while, at high temperatures, the chain adopts the
random-coil conformation. As the strength of the force
increases, some new features start to appear. First of
all, it is clear from the figure that at any temperature,
〈R2〉Force*0 g 〈R2〉Force)0. This result is the direct conse-
quence of the fact that the force is stretching the
polymer chain in its direction and, hence, increasing its
mean square dimensions. Second, it is also clear from
the same figure that, for weak forces, the chain dimen-
sion decreases with increasing temperature, while it
increases for strong forces. We refer to the decrease of
〈R2〉 with increasing temperature as the “helix-coil”
transition, whereas we call the increase of 〈R2〉 with
increasing temperature the “helix-extended coil” or
“helix-stretch” transition. Also observe that, at suf-
ficiently high strengths of the force, no transition is
observed in the investigated temperature range. This
is a result of the high strength of the applied force that
destroys the helical structure of the chain even at low
temperatures, where the chain displays an extended-
coil conformation.

In addition, Figure 3 also highlights another interest-
ing feature concerning the behavior of transition tem-
perature as a function of force. Observe that the
transition temperature, T*, first increases and then
begins to decrease with increasing strength of the
applied force. This trend in T* is more clearly observed
in Figure 4 where the position of the peak of the heat
capacity, which corresponds to T*, is plotted as a
function of the applied force. Apart from other features
which were discussed before, a maximum in T* is

observed for values of the force close to 1000. Figure 3
also shows a change in the behavior of 〈R2〉 for values
of the force close to 1000. This crossover indicates a
change in the character of the transition from the
“helix-coil” to the “helix-extended coil” transition. We
rationalize the behavior of T* and the consequent
change in the nature of the transition below.

When the system undergoes the “helix-to-coil” transi-
tion for low strengths of the force, this transition is
essentially temperature-driven, i.e., temperature is the
governing factor for breaking the helical structure. So,
weak forces basically favor the “formation of the helical
conformation” and, hence, shift the transition temper-
ature to higher temperatures. The stabilization of the
helical structure by the application of a weak force can
be rationalized using basic concepts of statistical me-
chanics as follows. When the force is applied, the
entropy of the chain is reduced and the probability of
visiting states that correspond to stretched configura-
tions of the chain increases. Among these states are
those that include helical sequences; thus, stretching
the chain increases the probability of visiting states with
helical domains. Consequently, the formation of helical
sequences is facilitated by the application of a weak
force. On the other hand, the “helix-to-extended coil”
transition which happens for high strengths of the force
is force-driven, i.e., the force is the primary factor for
the disintegration of the helical structure. During this
transition, the melting of the helical domains is a
consequence of the overstretching (with respect to the
length of the helix) of the chain. The stronger the force,

U(T,C,F) ) 〈E〉T )

∑
Ns,Rx

g(Ns,Rx)((CNs - FRx)e
-â(CNs-FRx) + (CNs + FRx)e

-â(CNs+FRx))

∑
Ns,Rx

g(Ns,Rx)(e
-â(CNs-FRx) + e-â(CNs+FRx))

(8)

S(T,C,F) )
U(T,C,F) - A(T,C,F)

T
(9)

Cv(T,C,F) )
〈E2〉T - 〈E〉T

2

T2
(10)

〈AA(T,C,F)〉 )

∑
Ns,Rx

g(Ns,Rx)(AA(Ns,Rx)e
-â(CNs-FRx) + AA(Ns, -Rx)e

-â(CNs+FRx))

∑
Ns,Rx

g(Ns,Rx)(e
-â(CNs-FRx) + e-â(CNs+FRx))

(11)

Figure 3. Plot of the mean square end-to-end distance, 〈R2〉,
as a function of temperature for different values of the applied
force. The parameters are: (b) F ) 0, (9) F ) 100, ([) F )
200, (2) F ) 500, (1) F ) 1000, (+) F ) 2000, (/) F ) 4000,
and (left pointing solid triangle) F ) 8000.

Figure 4. Plot of the transition temperature, T*, as a function
of the applied force.

Macromolecules, Vol. 38, No. 3, 2005 Stretching Helical Semiflexible Polymers 783



the lower the temperature needed to destroy the helical
structure. Consequently, the transition temperature
decreases with increasing force. This decrease is simple
to understand using basic thermodynamic concepts.
Indeed, the application of a strong stretching force
decreases the probability of forming long helical se-
quences. Thus, most of the helical domains are short in
this regime, i.e., they contain few helical beads, and
consequently, are less thermodynamically stable. This
results in a lower transition temperature. Finally, the
transition from one kind of behavior to the other one
occurs for strengths of the force near the maximum in
Figure 4.

B. Constant-Temperature Scenario. We now pro-
ceed to study how different properties of the chain
depend on the applied force when the temperature is
kept constant. It has been stated in the literature that,
during the formation and disintegration of the helical
structure due to the application of force, two coexisting
phases occur in a certain temperature window.15 One
of those phases is made of helical sequences while the
other one is made of random coils. This temperature
window is governed by factors such as the elastic free
energy of the stretched coil, Ael, the Zimm-Bragg
parameter, s, and the ratio γ ) Rhelical/Rstretch, where
Rhelical and Rstretch correspond to the end-to-end distance
of the perfect helix and fully stretched polymer, respec-
tively. The lower limit of this temperature window is
T* where the helix-coil transition takes place in absence
of force, i.e., where s ) 0, while the upper limit is
determined by Tc, which is defined as the temperature
where free energy Ael is equal to free energy of helix
Ah.15 Tc is approximately equal to 400 K for our model.
Furthermore, at higher temperatures, no coexisting
regions are observed while, at lower temperatures, there
is only one coexisting region corresponding to the
transformation of helical domains into extended-coil
structures due to the application of force. Therefore, in
this part of our study, we explore three temperatures
corresponding to three different regimes, i.e., T ) 200
K (T < T*), T ) 315 K (T* < T < Tc), and T ) 500 K (T
> Tc).

Figure 5 shows the mean end-to-end distance, 〈Rx〉,
as a function of the force for the temperatures men-
tioned above. 〈Ry〉 and 〈Rz〉 are equal to 0 for all values
of temperature and force due to the symmetry of the
problem. It can easily be seen from Figure 5 that,
irrespective of the temperature, 〈Rx〉 is always 0 in the

absence of force, as expected. As soon as force starts
acting on the chain, the configurations of the chain shift
toward positive values of 〈Rx〉, as can be observed in the
figure. At low temperatures (T ) 200 K), Figure 5
predicts an initial steep increase in 〈Rx〉 for low values
of force followed by a plateau and an additional increase
for higher values of force before the final plateau is
reached. The initial increase in 〈Rx〉 should not be
considered as a coexistence of helical and coil domains.
Indeed, this increase simply reflects the alignment of
the helical structure along the direction of the applied
force. However, the second steep increase in 〈Rx〉, which
occurs when F ≈ 5000, is indeed a coexistence region
due to the breaking of the helical structure. At high
temperatures, T ) 500 K, there is no coexistence of
helical and coils domains as expected because the helical
sequences have been melted. Here, the initial increase
of 〈Rx〉 followed by a plateau region simply reflect the
elastic nature of the random coil conformation of the
chain at low values of force followed by the limited chain
extensibility for stronger forces. Like in the low-tem-
perature case, intermediate temperatures (T ) 315 K)
show two steep increases in 〈Rx〉 as a function of force.
One occurs when F ≈ 200, while the second one happens
when F ≈ 3000. Interestingly, unlike in the low-
temperature scenario, here both increases in 〈Rx〉 cor-
respond to coexistence of helical and coil domains. The
first coexistence region occurs for weak forces and
corresponds to the formation of helical structure from
coil domains, while the other coexistence region corre-
sponds to the transformation of helical sequences into
extended coils.

To make our study more balanced and objective, we
now proceed to compare the force-elongation curve
predicted by our model, Figure 5, with experimental
data obtained for native Xanthan.6 Xanthan is an
extracellular bacterial polysaccharide whose primary
structure is known. Moreover, native Xanthan forms an
ordered helical secondary structure stabilized by non-
covalent bonds in solution. Upon an increase in tem-
perature, Xanthan undergoes a temperature-induced
order-disorder transition into a disordered single-
strand state. Figure 5a of ref 6 shows two force-
elongation curves of native Xanthan. This figure shows
a monotonic increase in force followed by a relative
sharp transition to a plateau. Upon further elongation
of the molecule, the force starts to increase again until
failure occurs. Observe that this force-elongation be-
havior is in good qualitative agreement with the force-
elongation behavior predicted by our model and shown
in Figure 5. In addition, it is interesting to observe that
another polysaccharide called Dextran also shows this
kind of force-elongation behavior.5 In this case, the
macromolecule undergoes a transition between two
conformations with different segmental elasticities.

The different initial slopes of 〈Rx〉 for low and inter-
mediate temperatures can be better understood by
studying the mean square end-to-end distance, 〈R2〉,
which we plot in Figure 6. This figure clearly shows
that, irrespective of the strength of the force, 〈R2〉 is
never 0. Furthermore, it is clear from the figure that at
low temperatures (T ) 200 K) there is no initial increase
in 〈R2〉 for low values of force. This directly supports our
previous argument that the initial steep increase in 〈Rx〉
is simply due to the alignment of the helical structure.
However, at 315 K, one can clearly observe an increase
in 〈R2〉, similar to the one in 〈Rx〉 seen in Figure 5, for

Figure 5. Plot of the mean end-to-end distance, 〈Rx〉, as a
function of the applied force for different temperatures. The
parameters are: (b) T ) 200 K, (9) T ) 315 K, and ([) T )
500 K.
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low values of the force. This indicates that, as the force
increases, an increasing number of beads in the coil
conformation become part of the existing helical se-
quences. Another important feature of Figures 5 and 6
is the fact that the force required to break the helical
structure decreases with increasing temperature (sec-
ond coexistence region). The breaking of the helical
structure is essentially a force-driven transition, so the
higher the temperature is, the more it favors the melting
of helical structures and the weaker the force needed
for the transition to occur. The remaining features in
Figure 6 are similar to the ones in Figure 5 and can be
rationalized using similar arguments.

Figure 7 shows the fraction of helical beads (order
parameter) as a function of force for three tempera-
tures: 200, 315, and 500 K. At high temperatures, 500
K, no coexistence is observed; the order parameter
always remains equal to 0 and reflects the extension of
a random coil. Furthermore, it also corroborates that,
at high temperatures, the helical conformation is not a
feasible equilibrium structure, irrespective of the force
that is acting on the chain. On the other hand, the figure
does show a coexistence regime at low temperatures,
200 K, where the sharp decay in the order parameter
for high values of force clearly reveals the disintegration
of helical structures. Moreover, Figure 7 also confirms
the formation and disintegration of helical structures
as a function of force at intermediate temperatures, 315
K, as demonstrated by an initial increase in order

parameter followed by a sharp decrease to 0 at higher
values of force. Therefore, it corroborates the existence
of two coexisting regions of helical and coil domains.

Before finishing this section, we also compare our
results with theoretical predictions made by Buhot and
Halperin.15 Figure 8 shows a quantitative comparison
of our result for 315 K with the one obtained using the
theory of Buhot and Halperin. The parameters of the
theory are: a ) 5.073, γ ) 0.961, nh ) 1134, P ) 7.23,
σ ) 0.035 and ∆S ) -4.17 (eq 3) where both a and P
are expressed in the same arbitrary units used to
measure the bond length in our simulation study and
∆S is in units of Boltzmann constant. We also remind
the reader that the value of C in eq 3 is -1300 K.
Observe that the quantitative agreement between the
theoretical and simulation results is quite remarkable
if we consider that the theory does not account for
excluded volume interactions and uses the freely jointed
chain model while the simulation does include excluded
volume interactions and uses the freely rotating chain
model. This suggests that the force-elongation behavior
of the helical polymer does not depend strongly on the
local details of the model, as long as the polymer adopts
a helical structure. However, the differences between
both models show up in other ensemble averages that
depend more strongly on the local details of the model
employed. Figure 9 shows the order parameter as a
function of the applied force at 315 K using the values
of the parameters of the theory given above. The results
obtained from the theory of Buhot and Halperin had to
be multiplied by an arbitrary prefactor equal to 0.83 to
reach the agreement showed in the figure. After mul-

Figure 6. Plot of the mean square end-to-end distance, 〈R2〉,
as a function of the applied force for different temperatures.
The parameters are: (b) T ) 200 K, (9) T ) 315 K, and ([) T
) 500 K.

Figure 7. Plot of the order parameter (fraction of beads in
the helical state) as a function of the applied force for different
temperatures. The parameters are: (b) T ) 200 K, (9) T )
315 K, and ([) T ) 500 K.

Figure 8. Force-elongation curve at 315 K. Continuous curve
(Buhot and Halperin),15 4 (this work).

Figure 9. Order parameter as a function of the applied force
at 315 K. Continuous curve (Buhot and Halperin after
multiplication by 0.83),15 4 (this work).
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tiplication, the quantitative agreement between simula-
tion and theory is again remarkable. The origin of the
prefactor is the use of different models to describe the
polymer chain, freely rotating chain against freely
jointed chain, and the presence or absence of excluded
volume interactions. However, it is surprising to see that
these differences can be accounted for by a simple
multiplicative prefactor in the order parameter.

Conclusions

In this article, we have studied the elastic properties
of a single helical semiflexible polymer using Monte
Carlo simulations. We found that, depending on the
strength of the applied force, the average size of the
chain can decrease or increase upon an increase in
temperature. In the first case, the polymer undergoes
the helix-coil transition, while in the second case, it
undergoes a helix-extended coil transition. Moreover, we
found that the application of force first increases the
transition temperature and then decreases it. Physical
arguments that rationalize this behavior were discussed
in the text.

In the constant-temperature scenario, we found that,
depending on the temperature of the system, three
possible situations are encountered. If the temperature
is below the transition temperature, then the initial
application of force first orients the helical structure
parallel to the force and then it starts melting the helical
structure, which leads to a coexistence of helical se-
quences and random (extended) coil domains. A further
increase of the applied force leads to a fully extended
coil conformation. At temperatures slightly above the
transition temperature, the elastic behavior of the chain
presents two coexistence regions. First, for weak forces,
the number of helical beads (order parameter) increases.
In other words, the application of force stabilizes the
helical conformation. This leads to a coexistence be-
tween helical and random coil domains. A further
increase of the applied force starts melting the helical
structures and leads to a coexistence between helical
sequences and extended coil conformations. Finally, for
very large forces, the polymer is in a fully extended
conformation. At high temperatures, we found that the
elastic behavior of a random coil is recovered by our

model. These results are summarized in Figure 10. The
tails of the arrows correspond to weak forces, while the
heads of the arrows indicate strong forces.
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